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SUMMARY 


The  work  covered  by  this  memorandum  was  done  by  British  Messier  Ltd. , 
for  the  Ministry  of  Supply,  under  Contract  No.  6/Stores/l6502/CB.20(a). 

Temperatures  at  the  surface  of  an  aircraft  brake  drum  or  diBC  are- 
determined  for  the  case  of  a landing.  An  investigation  is  made  into  the 
effect  of  cooling,  which  is  shown  to  be  quite  small  in  a representative 
case.  Curves  are  given,  by  the  aid  of  which  peak  temperatures  may  be 
rapidly  determined. 

Certain  experimental  results  are  quoted,  which  tend  to  show  that 
friction  lining  vrear  is  decreased  by  using  brake  discs  of  high  conductivity 
material,  and  is  increased  by  an  increase  in  rubbing  velocity,  for  a given 
energy  input  and  torque.  Various  possible  explanations  of  these  phenomena 
are  discussed,  and  the  conjecture  is  put  forward  that  an  important  factor 
is  the  temperature  gradient  near  the  surface  of  the  friction  material. . It 
is  shown  that  if  this  is  the  case,  the  favourable  effect  of  high  conductivity 
should  be  very  much  reduced  if  brakes  are  applied  gradually,  instead  of 
suddenly,  as  is  the  practice  during  testing. 

Suggestions  are  made  as  to  experimental  work,  and  a method  is  given  by 
which  the  cooling  coefficient  can  be  measured. 
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INTRODUCTION 


1.1  Reasons  for  Enquiry 

The  object  cf  the  present  enquiry  was  to  obtain  data  required  for 
the  improvement  of  brake  performance,  particularly  from  the  points  of  view 
of  wear  of  friction  material  and  weight  and  design  of  heat  reservoir 
(disc  or  drum). 

Experimental  results  obtained  by  British  Messier  Ltd.  show  that 
for  a given  energy  input 

(a)  rubbing  speed  has  an  important  effect  on  wear. 

(b)  wear  of  friction  material  can  be  reduced,  sometimes 

substantially,  by  using  brake  discs  made  of  high 
conductivity  material  instead  of  the  usual  steel. 

(c)  chrome  plating  the  disc  surfaces  reduces  the  wear. 

Calculations  showed  that  both  the  above  effects  could  take  place 
while  the  peak  surface  temperatures  remained  substantially  unaffected,  and 
there  was  therefore  no  obvious  way  of  accounting  for  them.  It  wa3  felt 
that  in  order  to  shed  light  on  the  problem,  it  was  necessary  to  make  a 
comprehensive  investigation  of  thermal  phenomena  in  a brake,  and  to 
correlate  this  with  findings  on  wear.  This  is  what  the  present  report 
endeavours  to  do. 

1.2  General  Assumption 

In  textbooks  and  papers  on  heat  flow  problems,  the  assumption  is 
invariably  made  that  the  specific  heat  cf  metallic  materials  can  be 
regarded  as  a constant.  Fig.1.  shows  the  actual  values  of  the  specific 
heat  of  steel  and  copper  as  a function  of  temperature,  from  which  it 
appears  that  the  above  assumption  nay  involve  quite  appreciable  errors. 

Any  other  assumption,  however,  vculd  lead  to  quite  unmanageable 
complexities  in  the  mathematical  treatment,  and  hence  in  this  report  we 
shall  follow  the  usual  practice,  and  regard  specific  heat  as  a constant. 

In  section  2.6  however,  a method  is  given  for  obtaining  a rough  estimate 
of  the  error  involved  in  this  simplification,  in  certain  cases. 

Further  and  still  less  accurate  assumptions  are  involved  in  the 
treatment  of  the  cooling  problem,  and  are  discussed  in  detail  in  section 

3.1. 


For  the  above  reasons,  calculations  based  on  the  theory  presented 
here  should  be  regarded  as  strictly  valid  only  for  purposes  of  comparison. 
For  numerical  calculation  of  temperatures  and  thermal  gradients,  the 
results  obtainable  should  be  regarded  as  comparatively  rough  estimates 
only. 


By  "temperature"  we  shall  mean  the  excess  temperature  (of  the 
brake  surface,  or  any  other  part)  over  that  of  the  atmosphere. 

1 ,3  Friction  Phenomena  and  Heat  Input 

As  is  well  known,  the  surfaces  obtained  in  ordinary  manufacturing 
practice  shew  considerable  departures  from  perfect  flatness,  or  more 
generally  from  any  nominal  shape  to  which  they  may  be  machined,  ground, 
etc.  Due  to  this,  contact  between  nominally  "mating"  surfaces  of  hard 
materials  is  limited  to  a-  number  of  small  regions  corresponding  to  high 
points  on  the  surfaces;  the  actual  area  of  contact  is  the  sum  of  the 
areas  at  all  such  points. 
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The  theory  of  contact  and  friction  phenomena  has  been  treated 
in  considerable  detail  by  Bowden  and  Tabor,  (Ref.1,),  who  show  that  for 
metallic  surfaces  the  actual  contact  area  is  given  by  P/f,  where  P is 
the  normal  load  and  f an  effective  crushing  stress  equal  to  about  three 
times  the  yield  stress  of  the  softer  material  of  the  pair.  Frictional 
heat  is  generated  at  the  true  contact  regions  only,  and  is  therefore 
localised  at  a number  of  quite  small  areas.  At  some  of  these  points  of 
contact  "junctions"  are  formed  between  the  surfaces,  possibly  by  a kind 
of  welding  process,  and  these  junctions  must  be  sheared  for  motion  to 
proceed.  At  some  of  the  junctions  shearing  takes  place  not  at  the 
junction  itself  but  below  it  in  one  or  the  other  surface,  i.e.  a small 
particle  becomes  detached  from  one  surface,  generally  adhering  to  the 
other.  This  accounts  for  frictional  wear. 

Brake  lining  manufacturers  have  some  reservations  to  make  as  to  the 
validity  of  the  above  theory  when  applied  to  conditions  obtaining  in  brakes. 
In  a talk  with  the  authors,  Dr.  Parker  cl  Berodo  Ltd.  expressed  the  view 
that  in  actual  brakes  intimate  contact  takes  dace  over  quite  large  areas 
and  not  over  a large  number  of  "points";  he  did  think  however  that  in 
many  cases  contact  was  very  far  from  being  achieved  ever  the  whole  "nominal" 
contact  area,  and  that  the  actual  contact  area  increased,  (up  to  a point), 
rath  increasing  contact  pressure,  there  being  an  optimum  pressure  for 
which  contact  was  practically  uniform  over  the  whole  pad. 

In  any  event  it  would  appear  tc  be  common  knowledge  that  below 
certain  pressures  at  least  contact  is  limited  to  a fraction  cf  the  pad 
area,  and  thus  the  rate  of  heat  input  may  be  far  from  uniform  in  a 
direction  perpendicular  to  the  sliding  motion,  i.e.  radially  on  a drum, 
axially  on  a disc. 

Such  non-uniformity  may  be  a major  'factor  in  brake  wear 
phenomena  in  certain  cases,  and  some  cf  its  possible  effects  will  be 
discussed  in  section  5«  To  begin  with  however  we  3hdl  consider  the 
idealised  ca.se  of  a.  brake  in  which  the  rate  of  heat  input  is  strictly 
constant  over  the  viiole  surface. 

2.  SURFACE  TEMPERATURE  OF  TPhCOOLSD  HAKES 


2.1  Method  of  Calculation 


A general  method  of  calculating  brake  surface  temperatures  is 
given  in  Ref. 2,  under  the  assumption  that  all  the  heat  generated  flows 
into  the  brake  drum  of  disc.  Ref. 2 also  examines  the  effect  of 
conduction  of  heart  array  from  the  drum  into  the  wheel;  this  particular 
aspect  of  the  problem  will  not  be  dealt  with  here,  and  is  obviously 
irrelevant  in  the  case  of  disc  brakes. 

The  method  of  Ref.2  consists  of  determining  the  surface 
temperature  for  a constant  rate  of  heart  input,  from  which  it  is  possible 
to  deduce  the  temperature  for  any  arbitrary  heat  input,  given  as  a 
function  of  time.  This  method  does  not  lend  itself  easily  to  being 
extended  to  deal  with  the  case  of  a cooled  brake. 

An  alternative  method  is  given  in  Appendix  II;  this  method 
has  been  worked  out  for  the  case  of  a brake  subjected  to  a constant 
torque,  and  is  not  very  easily  extended  to  more  complex  conditions; 
it  does  however  lend  itself  to  extension  to  the  case  of  a cooled  brake. 

Both  methods  involve  certain  mathematical  approximations,  and 
hence  the  results  3how  certain  differences,  which  are  however 
insignificant  for  practical  purposes. 

A mathematically  exact  metnod  of  calculation  for  an 
infinitely  thick  drum  or  disc,  again  for  the  constant  thoque  case, 
is  given  in  Ref. 3. 
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It  is  shown  in  Ref, 2 that  surfaoe  temperature  oan  be  expressed  as 
a function  of  the  dimensionless  time  parameter 


where  t.  = 
1 


"relaxation  time"  = 


tg  = time 

c = specific  heat 
D = density 
k = conductivity 


of  material  of 
brake  drum  or 
disc 


h = thickness  of  drum,  or  half  thickness  of  disc. 
Other  significant  parameters  are 

T = the  duration  of  the  stop 

_ _ cDh2 

a ~ T ~ kT 


H = the  total  heat  input  per  face 
Q = the  instantaneous  rate  of  heat  input  per  face 


A = the  area  of  the  drum  or  disc  per  face. 

2.2  Surface  Temperature  for  Gradual  Application  of  Brake 

In  Ref.  2 the  brake  surface  temperature  is  worked  out  for  an 
aircraft  landing  under  the  following  conditions: 

(i)  Immediately  after  touch-down  the  aircraft  is  fully  airborne. 

(ii)  Subsequently  the  lift  varies  as  the  square  of  the  velocity. 

(iii)  The  brake  drag  is  proportional  to  the  load  on  the  wheels, 

i.e.  to  (weight  minus  lift),  and  therefore  increases  gradually 
from  zero. 

(iv)  The  ratio  of  aerodynamic  drag  to  lift  is  equal  to  the  ratio  of 
brake  drag  to  wheel  load  (coefficient  of  retardation),  which  is 
said  to  be  a fair  approximation  to  actual  conditions. 


It  can  then  be  shown  that  the  rate  of  heat  input  into  the  brake 
is  given  by 


' Q 


7 


) 


(D 


•» 


and  that  the  surface  temperature  is  given  by: 
(i)  for  t < 1/3 


S 


4at  8a2t2 
3 “ 5 


I6a3t3  \ 
33  ) 


(2) 
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(ii)  for  t > 1/3 


A temperature  - time  curve  for  a typical  case  (from  Ref. 2)  is  given  in 
Pig.  2. 


2.3  Surface  Temperature  for  Constant  Torque  Case 

When  the  torque  (or,  more  exactly,  the  retardation  caused  by 
the  brake)  is  constant,  the  rate  of  heat  input  is  given  by 

•Q  = f M 


In  Appendix  I,  the  resulting  temperature  is  calculated  by  the 
method  of  Ref. 2.  The  results  arc: 

(i)  for  t<  1/3 


(ii)  for  t > 1/3 


S = 


(6) 


An  alternative  treatment  is  given  in  Appendix  II,  giving  slightly  different 
results  due  to  differences  in  certain  mathematical  approximations  used  in 
the  calculations.  It  is  shown  in  Appendix  II  that  the  surface  tenperature 
is  given  by 


s = ii[*i  <*> ] 

(7) 

where 

^ (t)  = (t  + i)  erf  Vt  + ^ /t  e-t 

(8) 

$2  (0  =i£t(t  + l)-ij  erf  Vt 

+ -gfa  Vt  • (t  + £)  e t 

(9) 

For  t < 1,  these  expressions  approximate  to 
*1  (t)  = ^ V't  (1  + | ) 


* 


(10) 
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*2  <‘>=371  ‘3/2(‘*f> 

For  t > 1 , the  expressions  approximate  to 
^ (t)  = t + i 

4>2  (^)  = £ (t  + l)  “ i 


(11) 


(12) 

(13) 


For  large  values  of  a,  corresponding  to  small  values  of  t and  to  a thick 
disc,  substitution  of  (10)  and  (ll)  into  (7)  gives 


4hH 


8 13  TkA&  ^ 0 " 3 ) - t^/*bdk  ' 2 


0-^) 


(14) 


which  agrees  with  the  exact  expression  derived  in  Ref.  3 for  an  infinitely 
thick  drum  or  disc,  and  is  also  identical  with  (5)  apart  from  the 
substitution  of  7x  for  73. 

A typical  disc  brake,  (made  by  British  Messier  Ltd.),  consists 
of  one  disc  of  high  conductivity  material  0.9"  thick  and  11.1"  x 6.5" 
diameter.  The  total  energy  input  is  1.5  x 1C>6  ft.  lb.  and  the  stopping 
time  15  Seconds.  For  the  brake  disc  material  c =0.10  cals/ gram/ degree 
C,  k o 0.8  cals/cm. /degree  C/sec. , D = 9. 0 grams/cu.  cm.  The  resulting 
temperature-time  relationship  is  given  by  curve  A,  Fig. 3. 

2.4  Peak  Temperature  of  Uncooled  Brakes 

As  shown  in  Appendix  VI,  the  peak  surface  temperature  for  gradual 
application  of  brakes  under  the  conditions  assumed  in  section  2.2  is  given 
by 


S 

max^ 


--JL-P 

AcDh  r1 


(a) 


and  for  constant  torque  conditions  of  section  2.3  by 


(15) 


maxg 


AcDh  P2  ^ 


(16) 


/ t V 

...  - /I  relaxation  time  \ 

For  small  values  of  the  parameter  a ^ = — = ) 

F^  (a)  s Fg  (a)  s 1,  and  the  peak  temperature  is  practically  equal  to 

that  which  would  b*  obtained  if  the  disc  was  infinitely  thin,  or  its 
conductivity  was  infinite,  or  the  run  was  infinitely  long. 


F1  (a)  and  Fg  (a)  are  plotted  against  a in  Fig. 4. 

It  is  also  shown  in  Appendix  VI  that  for  large  values  of  the  parameter 
a,  equations  (15)  and  (l6)  oan  be  replaoed  by 


max. 


1.1 8H 

= a 7T 


73k 


(17) 
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a _ 1.07H  1 

max2  “ A7T  x -/cDk 

In  this  case  the  disc  or  drum  behaves  as  if  it  were  infinitely  thick. 

For  numerical  calculations,  it  is  useful  to  note  that 
j cals/sq.  cm.  = — , where  5 is  tne  energy  input  in  ft-lb.  per  square  inch. 


2.5  Critical  Thicknesses 

(i)  From  Fig. 4 it  is  apparent  that  S is  practically  constant  up 
to  a < 0. 2.  Thus  for  a < 0. 2 raax 


S 


max 


a 


H 

AcDh 


(19) 


and  a disc  or  drum  may  be  regarded  as  "tnin". 

2 

Now  a = — j-jjp-  , and  therefore  h = 

For  steel,  c = 0.117,  k = 0.115,  D = 7.8  in  c. g. s.  units. 
For  the  high  conductivity  material  (H. C.  M.  ) 


c = 0. 1,  k = 0. 8,  D = 9.0 

Thus  for  a = 0. 2,  for  steel  h = 0.159 >TT  cm  = 0.062  VT  inches  and  for  the 
high  conductivity  material  h = 0.408/T  cm  = 0.1 6VT  inches.  With  T = 16 
seconds,  h = 0.248"  for  steel,  0.64"  for  H. C.M.  (we  recall  that  h is  the 
total  thickness  for  a drum,  the  half  - thickness  for  a disc). 

(ii)  For  the  gradually  applied  load  case-  considered  in  section  2.2, 
when  a > 1 the  maximum  temperature  is  given  to  a sufficient  degree  of 
accuracy  by  equation  (17),  and  the  brake  behaves  as  if  it  was  infinitely 
thick.  This  corresponds  to  h = 0.14^  for  steel  and  h = 0.  36VT  for  high 
conductivity  material  (H.C.M. ) or,  for  T = 16  seconds,  h = 0.56"  for  steel 
and  h = 1.44"  for  other  material.  In  this  case  no  appreciable  decrease  in 
peak  surface  temperature  may  be  obtained  by  increasing  the  disc  or  drum 
thickness. 

(iii)  For  the  constant  torque  case,  the  peak  temperature  does  not 
approach  the  "infinitely  thick"  values  until  "a"  is  quite  large,  but  it 
may  still  be  said  that  thu  figures  just  quoted  are  a limit  beyond  which 
further  additions  of  metal  are  comparatively  ineffective. 

Quite  generally,  the  factors  F^(a)  and  Fg(2)  express  the  ratio 

of  the  actual  peak  surface  temperature  to  the  peak  average  temperature 
(i. e.  ratio  of  total  heat  to  thermal  capacity),  and  are  therefore 
inversely  proportional  to  the  efficiency  of  the  heat  reservoir,  if  the 
latter  is  dofined  as  the  ratio  of  the  temperature  which  would  be  obtained 
if  the  heat  was  uniformly  distributed  throughout  the  metal  to  the  peak 
surface  temperature  actually  obtained. 

If  we  take  16  seconds  as  a near  approximation  to  the  stopping 
times,  we  may  say: 

For  steel  brakes  the  metal  is  used  most  efficiently  if  the 
thickness  does  not  exceed  0. 25"  for  a drum,  0, 5"  for  a disc. 
Thioknesses  beyond  twice  the  above  values  are  not  to  be 
recommended. 
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For  brakes  using  the  high  conductivity  material  the 
. corresponding  figures  are  0. 65"  and  1 . 3"  for  drum  and  disc 

respectively.  Again  thicknesses  beyond  twice  these 

values  should  be  avoided. 

2.  6 Correction  for  Variable  Specific  H^at 

All  the  foregoing  theory  is  based  on  the  assumption  that  the 
specific  heat  remains  constant  at  all  temperatures  within  the  range 
concerned,  vtaich,  as  has  been  alroady  noted,  may  involve  appreciable 
errors,  at  least  in  the  case  of  steel  and  copper,  the  specific  heat  of 
v/hich  varies  as  shown  in  Fig.  1 . 

In  the  case  of  "tain"  discs  or  drums,  i. u.  those  for  which  the 
parameter  "a"  does  not  exceed  0.2,  a rough  correction  may  be  made  to  alio;? 
for  variation  of  specific  heat  with  temperature.  For  thin  discs,  the 
peak  temperature  is  given  by  eq.  (19),  and  is  the  ratio  of  the  total  heat 
input  to  the  thermal  capacity,  if  the  specific  heat  is  constant. 

It  seems  reasonable  to  extend  the  expression,  and  to  say  that 
for  a thin  disc  the  peak  surface  temperature  is  the  ratio  of  the  heat 
input  to  the  actual  thermal  capacity;  this  is  certainly  true  if  the  disc 
or  drum  is  infinitely  thin,  and  the  only  assumption  involved  is  that  relating 
to  the  maximum  thickness  to  which  the  expression  may  be  applied.  7e  shall 
assume  that  the  law  is  valid  up  to  a = 0.2. 

Now  the  thermal  capacity  of  the  disc  or  drum  is 
s 

DhA  J c.d S = DhA  I,  say 
4 o 

Tho  integral  I is  plotted  against  temperature  in  Fig. 1 . The  peak 
te:jperr.ture  is  then  given  by 


= DhA 


(20) 


The  procedure  is  then  as  follows:  calculate  I from  eq.  (20);  then 

read  off  S from  fig. 1 . 

3.  THE  EFFECT  OF  COOLING 


3. 1 Physical  Considerations  and  Assumptions 


only. 


The  cooling  problem  will  be  treated  in  relation  to  disc  brakes 


Cooling  is  due  to  radiation  and  convection.  Convection  losses 
depend  on  the  temperature  difference  between  brake  surface  and  the 
atmosphere,  and  on  air  velocity  past  the  brake  disc  surface.  This 
velocity  will  vary  from  beginning  to  end  of  the  run.  Exact  calculation 
of  losses  under  such'  conditions  could  no  doubt  be  carried  out  by 
numerical  step-by-step  methods,  but  for  the  purposes  of  rough  estimation 
it  is  considered  sufficient  to  regard  convection  losses  as  proportional  to 
temperature  difference  only,  the  constant  of  proportionality  being 
based  on  avorago  conditions  through  the  run.  This  allows  the  problem  to 
be  troated  by  ordinary  methods  of  analysis  (operational  calculus). 

Radiation  losses  are  proportional  to  the  difference  between  the 
fourth  powers  of  the  absolute  temperatures  of  the  brake  surface  and 
atmosphere.  This  problem  could  be  dealt  with  by  means  of  finite  difference 
equations.  Before  embarking  on  such  an  undertaking  however  it  is 
desirablo  to  determine  if  radiation  effects  are  an  important  factor  in 
the  total  heat  loss. 
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The  radiation  loss  for  a steel  surface  is  given  by 

h"  = 0.816  [~  - (tooo)  ] cals/sq.cm. /sec. 

whs  re  0 is  the  absolute  temperature  of  the  radiating  surface  and  0Q  the 

absolute  temperature  of  the  surrounding  bodies,  which  will  be  taken  as  that 
of  the  atmosphere. 

The  convection  loss  in  calories  por  square  cemtimetre  per  degree 
C temperature  difference  per  second  is  given  by 


k * 

"b  s “t  Nu  where  k* 

d a* 

Nu 


= conductivity  of  air 
= effective  hydraulic 
diameter  of  air -flow 
path 

= Nusselt's  number 


Nusselt's  number  is  given  by 


Nu 


= 0.0277  R0’ 8 


(£)-°-05 


where  R = Reynolds'  number 

h'  = length  of  air  flow  path 

For  the  typical  disc  brake  referred  to  in  section  2.3,  the 
effective  hydraulic  diameter  f p ')  °*  53"  the 

length  of  the  path  is  2".  / 


We  shall  take  an  average  air  flow  velocity  of  100  ft/sec.  and 
an  average  temperature  of  200°C,  for  v/hich  the  kinematic  viscosity  is 

4 x 10  ^ sq.ft./sec.,  and  the  conductivity  k*  is  8 x 10  ^ cals/sec/cm/° C. 


Thus 


R = 


100  x 0.53  x 10H 
12  x 4 


11000 


and  hence 


Therefore 


0 6 / 2 

Nu  = 0.0277  x 11000  ’c  x ( j = 44.3 

b = 8 o.53~I  2.54*^  = 0< 00264  cals/cm2 A/sec. 


In  the  brake  in  question  only  57  per  cent  of  the  surface  is  exposed, 
the  remainder  being  covered  by  the  brake  pads.  Hence  both  convection 
and  radiation  loss  factors  must  be  multiplied  by  0.57  to  give  effective 
values,  which  become: 


Convection  loss  factor  b = 0.0015  cals/sq.  cm.  A/  sec 
Radiation  loss  factor 


cals/sq.  om.  /sec. 
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The  losses  from  both  sources  are  plotted  against  temperature  in 
Fig. 5,  from  which  it  is  seen  that  even  at  600°C  (which  is  on  the  high  side 
as  aircraft  brake  temperatures  go)  the  convection  loss  is  by  far  the  major 
factor. 


Radiation  loss  is  further  reduced  (though  probably  not  very 
substantially)  by  the  fact  that  much  of  the  disc  surface  is  surrounded 
by  the  wheel  body,  which  will  eventually  warm  up  and  radiate  back  some 
of  the  host  it  has  received.  In  multi-disc  brakes,  radiation  losses  from 
all  internal  disc  surfaces  must  be  very  small  indeed  (in  some  brakes  these 
losses  have  been  increased  by  interposing  a light  alloy  "heat  reservoir" 
disc  be Ween  adjoining  brake  discs). 

On  the  above  basis,  it  would  seem  that  to  a fair  degree  of 
approximation  rediation  losses  can  be  neglected  in  comparison  with 
convection  losses.  The  preceding  argument  however  may  not  be  the  whole 
story,  on  account  of  "heat  flash"  effects,  i.e,  the  development  of  very 
high  localised  transient  temperatures.  According  to  Bowden  and  Tabor 
(Ref.  l),  at  the  ve*ry  small  regions  to  which  contact  is  localised, 
temperature  almost  invariably  reaches  the  melting  point  of  one  of  the 
materials  of  the  pair  (that  which  melts  first).  Parker  and  Marshall, 

(Ref. 4. ),  state  that  experiments  on  actual  brakes  do  not  confirm,  this, 
but  their  results  still  show  transient  temperatures  considerably  in  excess 
of  the  average. 

The  effect  of  flash  phenomena  would  be  to  enhance  radiation  losses 
to  a very  much  greater  extent  than  convection  losses,  since  the  former 
follow  a fourth  power  lav,  while  the  latter  follow  a linear  lav/.  On 
the  other  hand  calculation  of  additional  heat  losses  due  to  flash  effects 
hardly  seems  feasible  in  the  present  state  of  the  art.  V'e  shall 
therefore  proceed  with  cur  calculations  on  the  basis  of  uniform  temperature 
distribution  over  the  surface,  and  neglecting  radiation  effects,  but  with 
the  mental  reservation  that  those  effects  may  De  quite  appreciable  after 
all.  V7e  shall  revert  to  this  point  in  section  3.  3. 

3. 2 Calculation  of  Cooling  Effects 

For  the  constant  torque  case,  expressions  for  surface  temperature 
in  the  presence  of  convection  cooling  are  developed  in  Appendix  II.  It 
is  shown  that  the  temperature  at  the  disc  surface  is  given  by 


S = 


2hH  f 
Tkan 


— erf  Vt  + 1 
n 


- at  + -“t  P eat  (a-a) 
a-0  I v 


where 


( 1 -erf  — Vt)  - e^  (a-0)  (l  + erf  - ^ /t) 

II  11 

2 i r 

*=T  + nV+T 

2 T 

p =f-nV  +r 


(21) 


The  constant  "n"  is  a dimonsionless  cooling  parameter  given  by 


n 


bh 

k 
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Thus  for  the  typical  brake  referred  to  in  sections  2.3  and  3.1,  we 
have  h = 0.45"  =1.14  cm.,  b = 0.0015,  k (for  steel)  = 0.115,  and  hence 
n = 0.01485. 

For  very  small  values  of  n eq.  (21)  involves  small  differences 
of  large  quantities,  and  becomes  quite  unmanageable.  It  is  snown  in 
Appendix  II  that  the  equation  may  be  approximated  by 

(t)  - nt  (1  + |)  - a £ <f>2  (t)  - (1  + j)|j  (22) 

where  <f> ^ (t)  and  <f>  (t)  are  as  defined  by  equations  (8)  and  (9),  or  the 

approximate  expressions  ( 1 0),  ( 1 1 ) , (12)  and  (13). 

Equation  (22)  involves  appreciable  errors  at  the  end  of  the 
run  unless  n is  extremely  small  (say  0.01  or  less),  but  for  the  purpose 
of  determining  the  peak  temperature  only  it  is  probably  quite  accurate 
enough  up  to  n = 0.05. 

Fig. 3 shows  surface  temperatures  for  the  brake  already 
referred  to,  as  worked  out  for  n = 0,01,  n = 0. 1,  and  n = 0. 2.  For  n = 

0.01  eq.  (22)  has  been  us^d,  and  it  is  seen  that  in  this  case  the  reduction 
in  temperature  due  to  cooling  is  quite  small,  although  the  assumed 
cooling  coefficient  is  of  the  samj  order  as  that  worked  out  above.  If 
it  is  confirmed  that  this  value  is  roughly  representative  of  current 
brake  practice,  it  would  seem  that  cooling  is  a relatively  unimportant 
factor  in  the  performance  of  present-day  brakes. 

For  large  values  of  t eq.  (21 ) may  be  written 


2hH 

TkA 


S 


a 


2hH  T 
TkAn  j_ 


at  - 


a - 0 


ePt  (a  - „> 


(23) 


As  shown  in  Appendix  VI,  und^r  these  conditions  the  peak 
temperature  is  given  by 


S a ■ — X 
max  acDh 


(i -£)](*> 


where  t)  i3  the  "thin  disc"  dimensionless  cooling  parameter  defined  by 


= ^ (notc  that  ti  = J ) 


Eq.  (24)  is  valid  for  relatively  small  values  of  a,  since  the  range 
of  t is  from  0 to  i/a;  the  range  of  validity  of  the  equation  vdll  also 
depend  on  n or  tj,  i. «.,  on  the  degree  of  cooling,  since  the  greater  the 
cooling  the  sooner  is  the  peak  temperature  reached,  i.e. , the  smaller 
the  value  of  t at  which  the  peak  temperature  occurs. 


If  vre  write  a s -0  » n,  xre  get 


H 2 
"'max  ~ AcDh  x t) 


1 - “ log 


(1  + p) 


(25) 


an  expression  which  can  be  derived  directly  for  thin  discs  (see 
appendix  III). 
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For  the  example  worked  out  above,  when  n s 0,1  (a  very  high 
value,  as  we  have  seen),  eq.  (25)  gives  the  peak  temperature  to  within 
4 per  cent  accuracy  (in  this  example,  a = 0.0975). 

The  parameter  n is  thus  no  true  indication  of  the  degree  of 
cooling,  but  if  the  disc  is  relatively  thin  a true  measure  of  the  degree 
of  cooling  is  given  by  the  parameter  ty. 


2 -j 

The  expression  f(r})  = — j 1 - — log  (l  + rj)  J measures  the  ratio 

of  the  cooled  to  the  uncooled  peak  temperatures  for  a thin  disc. 
tin)  is  plotted  against  r)  in  Fig.  6. 


It  is  also  shown  in  appendix  III  that  for  an  infinitely  thick 
disc  the  ratio  of  the  cooled  to  the  uncooled  peak  temperature  is  roughly 
given  by 


<t>M 


i 


where  X 


is  the  effective  cooling  parameter  for  this  case. 


is  plotted  against  X in  Fig. 6; 
and  $(x)  is  striking. 


the  similarity  of  the  curves  of 


3. 3 Experimental  Determination  of  Cooling  Coefficients 

In  view  of  the  very  rough  assumptions  involved  in  the 
calculation  of  the  convection  cooling  coefficient  "b"  in  section  3. 1.,  the 
typical  values  quoted  must  be  accepted  with  some  reserve,  and  it  would  seem 
desirable  to  make  direct  measurements  of  the  cooling  coefficient  on 
actual  brakes. 


The  method  proposed  here  would  given  an  average  effective  value 
of  an  assumedly  linear  coefficient  over  a range  of  temperature  from  any 
chosen  maximum  down  to  half  that  maximum;  confining  measurement  to  the 
upper  half  of  the  range  is  sound  since  errors  involved  in  the  lower  half 
would  be  comparatively  insignificant  as  regards  their  effect  on  the  final 
temperature.  The  coefficient  obtained  by  this  method  would  automatically 
cany  3ome  alio-,  ance  for  the  effect  of  radiation.  To  derive  the  full 
benefit  of  this,  it  is  desirable  to  take  the  initial  temperature  as  that 
corresponding  to  tile  conditions  to  which  the  results  of  the  measurements 
are  to  be  applied. 

The  proposed  metnod  is  as  follows: 

Run  the  brake  under  load  until  the  desired  peak 
temperature  is  reached,  and  allow  to  stand  until 
the  temperature  is  roughly  equalised  through  the 
thickness  of  the  metal.  Then  run  the  brake 
under  zero  load,  allowing  it  to  cool  until  the 
temperature  has  dropped  to  half  the  value  it  had 
at  the  beginning  of  the  run,  and  note  the  time 
taken. 

^2 

Let  t„  be  this  time,  and  let  t = t—  = — bo  the  "non- 
* 1 cDn 


dimensional  time" 
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by 


Then  as  shown  in  Appendix  IV,  the  cooling  parameter  "n"  is  given 


(26) 


In  practice  a sufficiently  close  approximation  is  obtained  from 
the  expression 


n 


_ 0-693 

t 


or  its  equivalent 


(27) 


JL.  = Mil 

cDh  tg 


(28) 


with  an  error  of  2.5  per  cent  if  n = 0.1 
likely  values  of  the  cooling  parameters, 
good  enough. 


(a  very  large  value).  This  for 
equations  (27  or  (28)  are  quite 


It  would  be  desirable  to  carry  out  measurements  at  various  values 
of  angular  velocity  up  to  the  maximum  for  which  the  brake  is  intended. 

With  current  brake  testing  facilities  it  will  almost  certainly  be 
impossible  to  reproduce  the  effect  of  the  forward  velocity  of  the  aircraft, 
but  tests  reproducing  the  correct  angular  velocity  should  provide  at  least 
a rough  estimate,  the  accuracy  of  which  could  perhaps  be  checked  by  a wind 
tunnel  test  for  one  or  two  representative  cases. 


We  have  stated  above  that  a determination  of  the  cooling 
coefficient  by  the  proposed  method  v/ould  automatically  carry  a correction 
for  the  effect  of  radiation,  since  it  involves  measurement  of  the  total 
heat  loss.  If  however,  during  actual  braking  radiation  losses  sure 
enhanced  by  the  flash  effects  discussed  in  section  3. 1 , such  effects  will 
not  be  reproduced  under  the  proposed  experimental  conditions,  and  hence, 
the  measured  effective  cooling  coefficient  may  still  be  too  low. 

Additional  information  could  be  obtained  by  comparing 
calculated  and  measured  temperatures  during  a braking  run,  if  the  former 
sure  based  on  measured  cooling  coefficients.  Since  calculation  may  well 
involve  other  errors  besides  neglect  of  radiation  losses,  the  comparison 
can  only  give  rough  indications:  these  may  however  be  sufficient  to  decide 

whether  or  not  radiation  losses  are  appreciable. 


If  it  is  confirmed  that  radiation  losses  - or  rather  additional 
radiation  losses  due  to  flush  effects  - are  a significant  factor,  it 
should  be  worth  while  attempting  their  direct  measurement  during  a 
breaking  run.  In  the  meantime,  there  does  not  seem  to  be  sufficient 
justification  to  warrant  the  development  of  methods  of  calculation  for 
radiation  effects,  especially  as  these  methods  might  have  to  be  based  on 
statistical  information  as  to  flash  effects,  which  is  not  yet  available. 

A.  THERMAL  CONDITIONS  IN  FRICTION  MATERIAL 

4-.  1 Reasons  for  Investigation 

The  experimental  results  discussed  in  seotion  5 below  tend  to 
show  that  friction  lining  wear  can  be  greatly  influenced  by  thermal 
effects  other  than  peak  surface  temperature.  The  theory  will  be 
considered  later  that  one  important  factor  may  be  the  temperature 
gradient  near  the  surface  of  the  friction  material,  and  in  order  to 
provide  material  for  consideration  we  shall  proceed  to  calculate  the 
magnitude  of  this  gradient. 
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4. 2 Temperature  Gradient  Near  Surface  of  Friction  Material 

Investigation  will  be  confirmed  to  the  case  of  an  uncooled 
brake,  using  results  already  obtained  for  the  surface  temperature. 

Strictly  speaking,  of  course,  the  existence  of  a finite 
temperature  gradient  in  the  friction  material  implies  some  flow  of  heat 
into  the  latter.  If,  however,  the  amount  of  heat  flowing  into  the 
friction  material  is  assumed  to  be  only  a very  small  proportion  of  the 
total  heat  generated,  expressions  previously  derived  for  surface 
temperature  may  be  allowed  to  stand,  and  the  flow  of  heat  into  the  pad 
can  be  calculated  from  a known  surface  temperature  - time  relationship. 

As  shown  in  Appendix  V and  Appendix  VI,  conditions  differ 
widely  according  as  to  whether  brakes  are  applied  suddenly  or  gradually. 
In  the  latter  case,  the  temperature  gradient  near  the  pad  surface  grows 
gradually  up  to  a maximum,  after  which  it  decreases.  If  c . , k^,  are 

respectively  the  specific  heat,  conductivity,  and  density  of  the  friction 
material,  the  peak  gradient  near  the  surface  is  roughly  given  by 


G = 0.61 
max 


where  S is  the  peak  surface  temperature,  and  R is  the  peak  rate  of 
max  v max 

increase  of  surface  temperature,  i.e.,  the  slope  of  the  temperature  - time 

curve  at  its  point  of  inflection.  If  is  farther  shown  in  Appendix  VI 

that  the  above  expression  can  be  written 


C1D1 


R S 
max  max 


G 


max 


0.61 


I °1D1  H »(a) 
yj  k1  x AcLh  x VT 


(29) 


where  $(a)  is  plotted  against  a in  Pig. 4.  For  small  values  of  a,  $(a) 
remains  practically  constant  at  1.24.  For  large  values  of  a the  above 
expression  reduces  to 


G 

max 


1.07 


(30) 


If  $ (a)  « 1.24,  the  brake  may  be  said  to  be  of  the  "thin  disc" 

■type  as  far  as  temperature  gradient  is  concerned,  while  if  eq.  (30) 

applies,  the  brake  is  practically  infinitely  thick.  Here  again,  as  in  section 

2.5,  the  limits  dor  the  two  cases  are  roughly  a < 0. 2 and  a > 1. 

In  the  constant  torque  case  it  is  shown  in  Appendix  V that 
immediately  the  brake  is  applied  there  is  a temperature  gradient  given  by 


G 


(31) 


This  gradient  is  obviously  independent  of  thickness  and  its  ratio  to  the 
gradient  given  by  equation  (29)  is  2.64/a  if  a is  small  and  1.8?  if  a is 
large.  Unless  a is  quite  small,  it  sterns  likely  that  the  maximum 
gradient  occurs  at  the  beginning  of  the  run. 

The  possible  significance  of  the  shove  findings  is  descussed  in 
section  5.6  below. 


I 
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5.  SOME  EXHSRIISNTAL  RESULTS  AMD  THEIR  INTERPRETATION 
5.1  Some  Experimental  Results 

In  the  course  of  tests  on  disc  brakes  carried  out  by  British 
Messier  Ltd.,  seme  significant  phenomena  became  apparent.  The  full  set 


of  results  obtained  on  brakes  "D"  and  "E"  mentioned  below  are  given  in 
Pig.9  and  Fig. 10,  but  the  following  deductions  are  interesting: - 

(i)  The  first  phenomenon  was  that  pad  wear  was  considerably  reduced 
if  the  disc  material  was  changed  from  steel  to, a material  having 
a high  coefficient  of  conductivity.  Thus  the  following 
results  were  obtained: - 

Brake  V7ear  per  stop  - ins.  Calculated  Peak  Temp.  - °C. 

A - steel  discs 

0.0115 

598 

- H.C.M.  discs 

0.0035 

590 

B - steel  discs 

0.00175 

662 

- H.C.M.  discs 

0.00068 

645 

C - steel  discs 

0.0035 

578 

- H.C.M.  discs 

0.0006 

573 

D - steel  discs 

0.0092 

560 

- H.C.M.  discs 

0.0008 

575 

Both  steel  and  other  discs  were  chromium  plated  and  hence  surface 
conditions  were  identical.  In  spite  of  this,  the  H.C.M.  discs 
gave  consistently  higher  coefficients  of  friction,  For  brake 
"D"  for  instance,  the  coefficient  of  friction  with  the  H.C.M. 
discs  was  25  per  cent  higher  than  with  the  steel  discs. 

(ii)  The  wear  increased  appreciably  if  the  chrome  plating  was  omitted. 
Tests  were  done  with  brakes  having  discs  in  both  conditions  and 
particular  results  found  were  as  follows. 

Brake  Wear  per  stop  - ins. 

D - chrome  steel  discs  0.0092 

- plain  3teel  discs  0.0124 

E - chrome  plated  bronze  0.001 

- unchromed  bronze  0.002 

(iii)  If  the  energy  and  torque  were  kept  constant,  an  increase  in 
rubbing  velocity  resulted  in  an  increase  in  wear.  The 
increase  in  velocity  was  obtained  by  reducing  the  flywheel 
inertia  on  the  testing  maohine.  The  results  shown  in  Fig.7 
were  obtained. 

(iv)  Tests  were  made  on  two  brakes  cf  similar  design  but  different 
size,  in  which  the  following  parameters  were  very  nearly  equal 
for  the  two  tests j 

Rubbing  Speed 

Stopping  Time 

Energy  input  per  unit  volume  (and  hence,  near  enough, 
final  mean  temperature) 
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The  results  were  as  follows : - 


BRAKE  "X" 

BRAKE  "Y" 

Size  of  discs  - in. 

11.1  x 6. 5 x 0.9 

11.9  x 8.6  x 1.5 

Energy  per  unit  volume  - 
ft.  lb.  per  cu.  in. 

26700 

29500* 

Energy  per  unit  area  - 
ft.  lb.  per  sq.  in. 

24000 

444OO 

Wear/Stop  - in. 

0.002 

0.010 

Pad  Pressure  - p.s.i. 

426 

730 

y 

Based  on  nominal  volume  corresponding  • 
given  - actual  figure  is  somewhat  less 
of  large  lugs  on  disc. 

to  disc  size  as 
due  to  presence 

The  difference  between  the 
and  it  is  not  thought  that  it  is 
pressures  alone. 

wear  figures  is  striking  to  say  the  least 
accounted  for  by  the  difference  in  pad 

For  both  brakes  "D"  and  '*E!' 
inertia  but  keeping  the  initial 
Thus  the  following  results  show 
(Fig.1l). 

tests  were  done  with  varying  flywheel 
speed  and  the  average  torque  constant, 
the  effect  of  varying  the  energy  input, 

BRAKE  "D" 

BRAKE  "E" 

75  per  cent  energy 

.00006 

100  per  cent  energy 

.00008 

.00056 

125  per  cent  energy 

.00074 

.0028 

150  per  cent  energy 

.0018 

.0061 

5.2  Remarks  on  'Tear 

The  nature  of  frictional  wear  is  as  yet  imperfectly  understood. 

As  already  mentioned  in  section  1.3,  frictional  wear  seems  to  be  due  to 
cohesion  forces  between  rubbing  surfaces  at  points  of  intimate  contact, 
resulting  in  the  shearing  off  of  small  particles  below  the  contact  surface. 
According  to  Ref, 1 , these  cohesion  forces  are  the  result  of  local  melting 
of  one  of  the  bodies  in  contact,  but  other  theories  have  also  been  put 
forward. 


Experimental  research  on  the  subject  to  date  does  not  seem  to 
have  reached  a stage  v.tiere  general  conclusions  can  be  formulated  as  to  the 
effect  of  oil  the  significant  variables.  More  particularly,  most  of  the 
fundamental  research  work  has  been  done  with  metallic  pairs  of  surfaces, 
and  under  conditions  widely  different  from  those  obtaining  in  brakes. 

Much  work  has,  of  course,  also  been  done  by  brake  lining  manufacturers,  but 
the  complexity  of  the  pnenomcna  involved  appears  to  be  such  that  only  a 
few  significant  factors  have  been  isolated. 

For  these  reasons  it  can  hardly  be  expected  that  an  investigation 
such  as  the  present  one  could  provide  a clear  answer  to  the  problems  under 
discussion.  The  be3t  that  the  authors  can  hope  to  do  is  to  make  a few 
conjectures  on  certain  aspects,  which  may  be  verified  by  experimental  work 
at  a later  stage. 
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5.3  Effect  of  Bulk  Temperature 

By  "bulk  temperature"  we  shall  mean  the  surface  temperature 
calculated  by  means  of  the  theory  given  in  preceding  sections,  on  the 
assumption  of  a uniform  heat  input  over  the  surface,  or  the  temperature 
as  measured  in  the  experiments  quoted,  which  was  obtained  at  the  end  of 
the  run,  with  sufficient  delay  to  allow  irregularities  in  temperature 
distribution  to  disappear  through  conduction. 

The  results  quoted  in  section  5.1  show  that  a substantial  decrease 
in  wear  can  take  place  while  the  bulk  temperature  remains  practically 
constant. 


When  we  consider  the  comparative  tests  with  steel  and  H.C.M. 
discs,  both  chromium  plated,  surface  conditions,  loading  nnd  velocity  are 
identical,  and  hence  the  differences  must  lie  in  thermal  effects,  even 
though  the  peak  bulk  temperature  remains  practically  unaffected. 

If  we  consider  not  only  the  bulk  peak  surface  temperature  but 
the  surface  temperature  throughout  the  run,  there  is  a marked  difference 
between  steel  and  H.C.M.  discs,  as  shown  in  Pig. 8,  as  calculated  for  a 
typical  brake  under  constant  torque  conditions.  In  the  early  stages,  the 
surface  temperature  is  much  lower  for  the  higher  conductivity  material, 

5.4  Deterioration  of  Friction  Material 

Heat  produces  chemical  changes  in  the  friction  material, 
particularly  above  a certain  critical  temperature,  which  may  be  of  the 
order  of  200  - 300°C.  Thus,  if  we  compare  steel  and  H.C.M.  discs,  with 
the  former  the  average  temperature  through  the  run  is  higher  and  the 
friction  material  is  exposed  to  temperatures  above  the  critical  value  for 
a longer  period  of  time.  One  vrould  therefore  expect  a greater  degree 
of  deterioration  with  steel  discs,  and  consequently  a higher  rate  of  wear. 

It  is,  however,  difficult  to  believe  that  this  effect  can 
completely  account  for  the  very  wide  differences  in  wear  observed  as 
between  steel  and  Il.C.H.  brakes.  Besides,  when  we  come  to  consider  the 
effect  of  velocity,  for  a giver:  energy  and  brake  torque  (which  -.vere  the 
conditions  of  comparison)  the  stopping  time  varies  inversely  ns  the  velocity, 
and  hence  deterioration  should  decrease  with  increasing  velocity,  if  the 
peak  temperature  remains  practically  unaltered;  thus  the  effect  of 
deterioration  should  he,  if  anything,  to  reduce  the  difference  between 
results  at  high  and  low  velocities, 

5.5  Maldistribution  on  Effects 

As  already  mentioned  in  section  1.3,  twe  kinds  of  maldistribution 
effects  may  be  considered: - 

(i)  As  occurs  in  rubbing  between  hard  surfaces,  uhen  contact  is 
limited  to  high  regions  of  small  extent. 

(ii)  As  some  research  -workers  believe  is  the  actual  cose  in  brakes, 
where  contact  occurs  over  a comparatively  large  area  though  by 
no  means  to  whole  of  the  pad  or  shoe. 

In  case  (i)  the  conductivity  of  the  disc  material  has  a 
particularly  important  effect  on  local  " flash"  temperatures  occurring  at 
points  of  contact.  Furthermore,  the  points  of  contact  are  continually 
changing,  and  under  such  conditions  rubbing  velocity  also  has  an 
important  effect  on  "flash"  temperatures. 

In  case  (ii)  contact  tends  to  be  confined  to  a "band",  say  an 
annulus  near  the  centre  of  the  disc  in  the  cose  of  a plate  brake,  and 
this  annulus  tends  to  get  somewhat  hotter  than  the  rest  of  the  disc; 
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effects  of  this  nature  are  described  in  Ref. 4*.  Under  such  conditions 
it  is  observed  that  the  disc  or  drum  warps,  and  such  warping  naturally 
has  a strong  effect  on  wear.  This  warping  is  accounted  for  by  the  fact 
that  the  thermal  stress  set  up  by  a relatively  hot  annulus  confined  to 
the  centre  or  edge  may  easily  exceed  the  elastic  limit.  The  temperature 
maldistribution  in  this  case  is  obviously  affected  by  the  conductivity  of 
the  disc  material,  and  the  favourable  effect  of  increasing  the  latter  is 
therefore  explained.  The  effect  of  velocity  does  not  seem  to  be  related 
to  this  phenomenon. 

The  explanation  just  given  is  valid  only  if  the  maldistribution 
effect  is  appreciable  with  steel  discs.  It  certainly  appears  to  have 
been  serious  in  some  early  designs  of  disc  brakes,  where  definite  warping 
was  noticed.  In  more  recent  designs  however,  including  those  quoted  in 
section  5«1>  the  pad  area  has  been  made  relatively  small,  resulting  in 
hitler  contact  pressures  and  therefore  better  distribution  of  load,  and 
no  warping  has  been  noticed  even  vdth  steel  discs.  Maldistribution 
effects  may  of  course  still  be  present,  but  their  magnitude  must  be 
relatively  small,  and  it  would  seem  rash  to  conclude  that  they  vrould 
entirely  account  for  the  beneficial  effect  of  high  conductivity. 

In  case  (i)  there  may  be  yet  another  effect  of  importance. 

Heat  flash  effects  are  confined  to  a very  small  volume  of  metal  near  the 
surface,  and  must  therefore  be  practically  unaffected  by  disc  thickness. 
Hence  if  these  phenomena  are  a major  factor  in  wear,  the  effect  of  disc 
thickness  should  be  somewhat  less  than  one  would  otherwise  expect.  Wc 
have  shown  above  (para.  2.5)  that  for  "thin"  discs  (which  include  most 
actual  brakes)  the  peal:  temperature  is  proportional  to  energy  per  unit 
disc  volume,  but  wc  may  expect  that  any  effects  associated  vdth  flashes 
will  be  more  nearly  proportional  to  energy  per  unit  disc  area.  Thus  if 
wc  compare  brakes  of  different  sizes,  in  which  energy  per  unit  volume 
and  all  other  significant  parameters  are  made  identical,  the  thinner  broke 
of  the  two  may  have  a better  performance,  since  its  energy  per  unit  area 
will  be  less. 

It  is  interesting  to  consider  brakes  "X"  and  "Y"  of  section  5.1 
in  this  light.  In  these  two  cases  it  would  appear  that  nearly  all 
significant  parameters  are  very  close  together  for  the  two  cases,  except 
energy  per  unit  area  and  pad  pressure.  It  is  hard  to  believe  however  that 
pad  pressure  alone  would  account  for  a difference  of  the  order  of  1 t 5 tn 
the  wear,  and  it  seems  lilcely  that  at  least  an  equally  significant 
difference  is  tha.t  between  energies  per  emit  area,  which  are  in  the  ratio 
2 4 s 44* 


Note  tha.t  the  above  argument  implies  that  'wear  is  bound  to 
become  worse  as  brake  size  increases,  unless  the  thickness  can  be  kept 
constant,  which  seems  impracticable  on  grounds  of  size  and  strength. 

In  thi3  connection  another  point  is  worth  bearing  in  mind. 

It  is  generally  accepted  that  single  disc  designs  are  preferable  to 
multi-di3c  types,  as  the  latter  lead  to  maldistribution  of  load  and  various 
other  practical  difficulties.  For  a given  size  however,  a multi-disc 
brake  would  have  a larger  area  than  a single  disc  type.  Hence  if  it  is 
confirmed  that  the  effect  of  area  is  important,  the  trend  towards  single 
disc  brakes  may  not  be  altogether  sound. 

5.6  Effect  of  Temperature  gradient  in  Friction  Materiel 

It  has  already  been  noted  that  according  to  current  theory 
frictional  wear  consists  in  the  detachment  of  small  particles  from  the 
surface  under  the  action  of  cohesive  forces,  which  sometimes  cause 
shearing  to  t alee  place  below  the  contact  surface.  Such  shearing  takes 
place  when  the  ultimate  strength  of  the  material  is  exceeded,  and  it 
seems  reasonable  to  suppose  that  if  the  material  is  in  a otate  of  initial 
stress  particles  will  become  detached  more  easily,  since  a smaller  load 
will  be  required  to  reach  the  ultimate  stress.  Thus  it  seems  likely  that 
an  initial  state  of  stress  near  the  surface  of  the  friction  material  will 
accelerate  the  wearing  process. 
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"Initial  state  of  stress"  is  used  here  in  the  sense  of  a‘ state 
of  stress  additional  to  that  due  to  normal  and  friction  forces.  Such  a 
state  would  be  caused  by  thennal  expansion  phenomena  if  there  is  a 
temperature  gradient  in  the  material,  and  would  increase  with  increasing 
gradient  (mention  of  proportionality  is  purposely  avoided  since  friction 
materials  do  not  obey  Hooke’s  lav/). 

Expressions  for  the  temperature  gradient  near  the  surface  of 
the  friction  material  have  been  given  in  section  A» 2,  and  it  will  be  noted 
that  all  these  expressions  contain  some  power  of  the  stopping  time  T in 
the  denominator;  thus  for  a given  energy  absorbtion  the  gradient 
increases  with  decreasing  stopping  time,  i.e.  increases  with  increasing 
initial  rubbing  velocity.  Thus,  according  to  the  present  explanation, 
the  effect  of  velocity  should  be  to  increase  wear,  which  is  in  accordance 
with  experiment. 

As  regards  the  effect  of  conductivity  of  disc  or  drum  material, 
there  is  a very  important  difference  between  conditions  of  gradual  and 
sudden  application  of  brakes.  With  the  former,  the  peak  temperature 
gradient  is  given  by  eq.  (29);  now  for  most  piactical  brakes  (a.t  least 
those  of  the  disc  type)  the  parameter  "a"  seldom  exceeds  0.2  for  steel, 
and  hence  4(a)  shows  very  little  excess  over  its  minimum  value  of  1.24; 
thus  a reduction  in  "a",  which  would  be  brought  about  by  an  increase  in 
conductivity,  will  have  practically  no  effect  on  the  peak  temperature 
gradient. 


Thus  if  temperature  gradient  is  the  major  factor  in  the 
effect  of  conductivity  on  wear,  it  is  to  be  expected  that  for  most 
practical  brakes  an  increase  of  conductivity  will  have  veiy  little 
effect  in  the  case  of  gradual  application,  if  the  torque  - time 
characteristics  are  anywhere  near  those  assumed  in  section  2.2. 
Experiments  could  easily  be  ma.de  to  verify  this  prediction,  by  testing 
brakes  under  gradually  applied  load  conditions. 

Under  constant  torque,  or  more  generally  under  suddenly  applied 
torque  conditions,  the  picture  is  entirely  different.  There  is  a high 
initial  temperature  gradient  given  by  eq.  (3l),  and  the  magnitude  of  this 
gradient  varies  inversely  ns  the  square  root  of  the  conductivity  of  the 
disc  or  drum  material.  Thi3  initial  gradient  may  cr  may  not  be 
exceeded  at  some  later  stage  in  the  run  (depending  on  the  stopping  time 
and  the  proportions  of  the  brake),  but  even  if  it  is  exceeded  at  some 
stage,  it  may  s till  be  the  ino3t  important  factor  for  the  following 
reasons 

(i)  At  the  beginning  of  the  run  velocity  is  high,  and  velocity 
may  have  an  important  effect  on  wear  apart  from  thermal 
gradient  considerations, 

(ii)  At  the  beginning  of  the  run  temperature  is  low,  and  it  may 
well  be  that  the  combination  of  low  temperature  with  high 
temperature  gradient  is  particularly  harmful,  since  when 
the  friction  material  is  cool  its  rigidity-  is  a maximum, 
and  hence  a given  temperature  gradient  will  cause  the 
maximum  3tres3, 

It  seems  not  unlikely  therefore  that  under  suddenly  applied 
torque  conditions,  an  incre  se  of  conductivity  decreases  wear  because 
it  reduces  the  initial  temperature  gradient  in  the  lining  material. 

5,7  Effect  of  Brake  Design 

Broke  design  has  already  been  implicitly  discussed  in  some 
of  the  foregoing  matter,  and  in  this  section  only  one  particular  problem 
will  be  examined. 
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In  the  early  disc  brakes,  the  pads  nearly  covered  the  whole  area 
of  the  disc.  It  has  been  the  experience  of  several  brake  manufacturers 
that  much  better  results  (particularly  from  the  point  of  view  of  friction 
pad  wear)  are  obtained  with  a design  in  which  there  are  two  segmental 
pads  at  diametrically  opposite  stations  on  the  disc,  and  the  pad  carrier 
is  cut  away  to  leave  the  remainder  of  the  disc  exposed. 

There  seem3  to  be  an  impression  that  the  improvement  is  due  to 
better  cooling  conditions,  resulting  from  exposure  of  a large  portion  of 
the  disc.  In  the  authors'  opinion  this  explanation  is  not  tenable. 

Reducing  the  pad  area  does  certainly  increase  the  amount  of  disc  surface 
subjects  to  cooling,  although  if  cooling  effects  are  as  small  as 
calculated  the  nett  effect  can  hardly  be  very  important.  Cutting  away 
the  pad  carrier  however  should  have  very  little  additional  effect  on 
radiation,  since  any  portion  of  the  disc  not  covered  by  pads  will 
radiate,  whether  fully  "exposed"  or  not;  the  only  difference  would  in 
the  amount  of  heat  radiated  back  by  the  pad  carrier,  which  can  hardly  be 
very  large.  As  regards  convection,  it  would  seem  that  the  only  favourable 
effect  of  the  cutaway  could  be  to  increase  the  speed  of  air  flow  over  the 
disc,  H7e  have  shown  however  that  even  under  favourable  assumptions  as  to 
this  speed,  convection  cooling  should  be  quite  small,  and  the  improvement 
obtainable  from  the  cutaway  must  be  smaller  still. 

Thus  the  modem  "segmental"  as  opposed  to  the  old-fashioned 
"annular"  type  of  disc  brake  may  be  better  in  respect  of  cooling,  but  only 
because  the  disc  surface  is  not  covered  by  pads  to  the  seme  extent,  and  not 
because  the  pad  carrier  is  cut  av.ay  "to  expose  the  disc".  Since,  however, 

cooling  does  not  seem  to  be  a major  factor  in  any  event,  further 
explanations  must  bo  sought  to  account  for  the  improvement  in  performance. 
Possible  explanations  are:- 

(i)  Probably  the  most  important,  i.e,  the  direct  effect  of  reduction 
in  pad  area,  resulting  in  increase  of  pad  pressure.  As 
mentioned  in  section  1.3,  up  to  a certain  point  an  increase  in 
pad  pressure  results  in  a more  uniform  distribution  of  normal 
load  over  the  area  of  the  pad,  which  has  a beneficial  effect  on 
wear.  This  has.  been  confimed  experimentally  in  the  case  of 
railway  brakes  ( Ref. 4) . There  is  an  optimum  value  of  pad 

pressure  for  which  wear  will  be  a minimum.  Unfortunately  this 
value  will  vary  for  different  materials,  and  will  probably  also 
vary  with  peak  disc  temperature  and  possibly  other  parameters  as 
well.  Hence  no  recommendation  can  as  yet  be  made  as  to  the 
optimum  value  of  pressure. 

Yet  another  factor  may  be  of  significance,  far-fetched  as  it  may 
3ound» 

(ii)  Friction  is  a complex  physicochemical  phenomenon,  in  which  the 

chemical  condition  of  the  rubbing  surfaces  plays  a very  important 
part.  The  coefficient  of  friction  and  the  wear  are  particularly 
high  for  deoxidised  and  chemically  clean  surfaces.  It  seems  not 
impossible  that  although  no  measurable  wear  of  the  disc  may  occur, 
there  is  still  a kind  of  wear  in  the  sense  of  removal  of  a surface 
oxide  film,  which  builds  up  again  at  a very  rapid  rate  as  the 
affected  portion  of  the  surface  leaves  the  pad  and  becomes 
exposed  to  the  atmosphere.  If  such  an  effect  exists,  the  amount 
of  repair  to  the  oxide  film  would  increase  as  the  gaps  between 
the  pads  increased. 

6.  CONCLUSIONS 


• 6,1  Temperature  Calculation 

(i)  The  expressions  given  in  section  2.4  enable  peak  surface 

temperatures  to  be  rapidly  determined  if  the  effect  of  cooling 
is  neglected.  For  on  effioient  broke  it  seems  desirable  to 
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exceed  the  value  of  0.25"  thickness  (drum)  or  0.5"  (disc)  as 
little  as  possible;  in  any  event  an  increase  beyond  twice  the 
above  values  has  very  little  effect  on  temperature.  The  above 
figures  apply  to  steel,  and  the  corresponding  figures  for  K.C.M. 
are  0.65"  (drum)  and  1.3"  (disc).  The  above  figures  apply  for  a 
16  second  run;  for  other  values  of  stopping  time,  the  figures 
vary  as  the  square  root  of  the  latter. 

(ii)  The  effect  of  cooling  can  be  calculated  with  the  use  of  rather 

rough  assumptions  and  in  certain  case3  a rapid  estimate  i3  possible. 
Prom  calculated  convection  coefficients  this  effect  seems  to  be 
very  small  in  representative  modem  brakes,  but  it  would  be 
desirable  to  obtain  experimental  values  for  the  parameters 
involved;  methods  of  doing  this  have  been  given  in  section  3.3 • 

6.2  Effect  of  Conductivity  of  Disc  or  Drum  Material 

(i)  The  beneficial  effect  on  wear  of  increased  conductivity  is  not 

due  to  lowering  of  the  peak  surface  temperature,  at  least  for  the 
experimental  results  quoted. 

(ii)  Increased  thermal  conductivity  should  have  some  favourable 

effect  on  thermal  deterioration  of  tho  friction  material,  but 
this  is  not  believed  to  be  an  important  factor  in  the  very 
marked  improvement  observed  in  tests. 

(iii)  Increased  thermal  conductivity  may  have  a favourable  effect  by 
reducing  the  effect  of  maldistribution  of  heat  input  due  to 
localisation  of  contact  between  friction  material  and  disc  or 
drum.  There  seems  to  be  differences  of  opinion  as  to  whether 
contact  is  localised  to  a number  of  3mall  spots,  or  to  an  annular 
band;  if  the  latter,  it  appears  that  the  effect  of  localisation 
is  net  always  a serious  one,  and  hence  the  explanation  may  not 
apply  to  all  cases. 

(iv)  Increased  conductivity  may  act  by  reducing  temperature  gradients 
in  the  friction  material.  In  practice,  this  effect  should  be 
important  only  if  the  brake  load  is  applied  suddenly,  and  only 
if  a substantial  .amount  of  wear  takes  place  during  early 
stages  in  the  run.  Exneriments  are  desirable  to  verify  both 
the  above  conclusions. 

6.3  Effect  of  Rubbing  Velocity 

(i)  The  unfavourable  effect  on  wear  of  high  initial  rubbing 

velocities  dees  not  appear  to  be  wholly  .accounted  for  by  an 
increase  in  peak  surface  temperatures,  since  for  the 
experimental  results  quoted  this  increase  ms  quite  small. 

(ii)  The  effect  in  question  may  be  due  in  part  at  least  to 

localisation  of  contact  to  a number  of  small  areas,  if  such 
localisation  does  indeed  occur.  Under  such  conditions, 
velocity  would  have  on  important  effect  on  the  very  high 
"flash"  temperatures  occurring  at  points  of  contact. 

(iii)  The  unfavourable  effect  of  velocity  may  also  be  due  (at  least 
in  port)  to  the  fact  that  an  increase  in  rubbing  speed  would 
result  in  an  increase  in  temperature  gradient  in  the  friction 
material,  for  a given  energy  input  and  brake  torque. 

(iv)  The  present  state  of  knowledge  as  regards  wear  is  inadequate 
to  obtain  a really  complete  appraisal  of  the  problem  at  hand, 

(v)  No  special  methods  con  be  suggested  for  mitigating  the  effect 
of  velocity. 
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6.4  Possible  Methods  of  Reducing  Wear 

(i)  Increasing  Thickness  of  Disc  or  Drum  - this  reduces  peak  surface 
temperature,  but  only  within  limits;  under  suddenly  applied 
load  conditions,  if  it  is  confirmed  that  substantial  wear  takes 
place  in  the  early  stages  of  the  run,  the  effect  of  thickness 
may  be  quite  small. 

(ii)  Increasing  Conductivity  of  Disc  or  Drum  Material  - this  needs  no 
farther  discussion,  but  it  must  be  pointed  out  once  more  that 
if  brake  load  is  applied  gradually,  it  may  turn  out  that  the 
effect  is  quite  small. 

( iii)  Increasing  Specific  Heat  of  Disc  or  Drum  Material  - this  should 
be  beneficial  under  all  conditions  but  no  suitable  materials  seem 
to  be  available  at  present  ( as  a matter  of  interest,  pure 
beryllium  has  high  specific  heat,  heat  conductivity  and  low 
density). 

(iv)  Ensuring  Gradual  Application  of  Brake  Torque,  subject  to 

experimental  verification  of  the  effect  of  rate  of  application. 

(v)  Use  of  High  Conductivity  Friction  Material  - this  may  help  if 
it  is  confirmed  that  temperature  gradients  in  the  friction 
material  are  a major  factor.  It  is  understood  however  that 
high  conductivity  friction  materials  are  viev/ed  with  some 
suspicion,  due  to  the  fear  that  thermal  deterioration  may  spread 
too  rapidly  through  the-  thickness  of  the  material, 

(vi)  Increased  Cooling  - the  degree  of  cooling  achieved  at  present 
seems  to  be  so  low  that  an  increase  to  really  effective  values 
may  be  impracticable. 
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APPENDIX  I 


Surface  Temperature  Determination  by  Existing  Ltethods  (Uncooled  Brakes) 

It  is  shown  in  Ref.  2 that  for  any  arbitrary  rate  of  heat  input 
specified  as  a function  of  time  (Q  = QCtg))  the  surface  temperature  is 
given  by 


for  t < 1/3 


Under  constant  torque  conditions  the  deceleration  is  constant,  and 
hence  the  velocity  decreases  linearly  with  time,  and  so  does  the  rate  of 
heat  input.  Hence 


Q(u)  = (1  - au) 


Substituting  in  the  above  expressions  and  performing  the  integrations,  we 
obtain  Eq's.  (5)  and  (6). 
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APPENDIX  II 


General  Theory,  and  Alternative  Method  of  Calculating  Surface  Temperatures 

It  will  be  assumed  that  at  any  given  instant  the  rate  of  heat  input 
per  unit  area  is  constant  in  the  axial  direction  for  a disc  brake,  and  in  the 
radial  direction  for  a drum  brake.  Since  brake  pads  or  shoes  do  not 
cover  the  «hole  area  of  the  disc  or  drum,  instantaneously  the  rate  of  heat 
input  is  not  constant  in  a circumferential  direction.  In  practice  however 
the  rate  of  rotation  is  such  as  to  allow  the  assumption  that  the  effective 
heat  input  at  any  point  is  the  average  for  the  whole  brake.  In  other 
works,  circumferential  temperature  gradients  can  be  neglected  for  present 
purposes,  without  appreciable  error  except  very  near  the  end  of  the  run, 
when  the  rate  of  heat  input  is  very  small  in  any  event. 

We  can  then  use  the  well  known  conduction  equation  for  a slab,  viz. 


a2s  Dc  as 

dx2  K at2 

where  x is  the  co-ordinate  perpendicular  to  the  heated  surface. 

For  a slab  of  finite  thickness  it  is  convenient  to  introduce  the 
non-dimensional  co-ordinates 


(32) 


X = 


x 

h 


and  t = — =■ 
t1 


giving 


a2s 

ax2 


as 

at 


(33) 


The  positive  direction  of  x will  be  taken  outward  from  the  heated 
surface,  and  the  origin  at  the  opposite  surface  for  a drum,  or  the 
central  plane  for  a disc;  thus  at  the  heated  surface  X = 1.  In  the 
case  of  the  drum,  we  shall  assume  that  there  is  no  loss  of  heat  from  the 
outside  surface,  and  hence,  here  again,  there  is  no  heat  flow  at  x = 0. 
Thus  we  get  the  boundary  condition  for  finite  slabs 


at  X = 0 


(34) 


Let  the  average  loss  per  unit  area  be  bS, 
the  loss  is  oonfined  to  the  rubbing  surface. 


it  being  assumed  that 
Then  at  the  heated  surface 


(*  = h) 


(35) 


or 


as  hQ  hba 
ax  “ kA  “ k 


(X  = 1) 


(36) 


Kb 

k 


n 


Putting 
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f = g-»s  (i.i) 

We  multiply  eq.  (33)  by  e_p^  and  integrate  from  0 to  ».  The 
temperature  S(X,t)  is  then  replaced  by  its  Laplace  transform 


(37) 


S (x,p)  = J f°  e"pt  S(X,t)dt 


and  the  heat  supply  by  its  Laplace  transform 


Q(p) 


■/ 


e Q(t)dt 


Eq.  ( 33)  then  transforms  to 


= p3  - sc 

dX2  c 


(38) 


■where  Sq  is  the  initial  value  of  S,  which  will  be  taken  as  zero  except 

when  we  come  to  consider  the  case  of  the  cooling  of  an  initially  heated 
brake. 

The  boundary  conditions  (34)  and  (37)  become  respectively 


dS  = o 
dX 


(X  = 0) 


(39) 


and 


+ nS 

dX  kA 


(X  = 1) 


(40) 


The  solution  of  eq.  (38)  with  SQ  = 0 is 


S = C cosh  X/p  + B sinh  X/p 


Prom  (39),  B = 0 

^rom  ® “ kA  x Vp  sinh/p  + n coshVp 


(41) 


As  we  have  seen  in  Appendix  I,  for  the  constant  torque  case 
«■§(•-})  <«> 
Inserting  in  equation  (41 ),  we  get 


MS  = i A _ a \ oosh.X/jg 

2hH  p l p J vp  sinhvp  + n cosh/p 
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At  the  surface  (X  = 1 ) , .let  S =;  . Than 


kATSl  _ 1 (.  a \ 1 /. 

2hH  ” p ^ p ) n + Vp  tanh/p 

The  interpretation  of  this  transform  is  extemely  difficult  and  the 
problem  will  be  solvediby  substituting  an  approximation  for  the  term  Vp 
tanhVp,  viz.  p(l  + p)"*^.  This  approximation  is  good  for  small  values 
of  u = /p,  since 

2 4 . 6. 

u tanh  u = u - u + 0(u  j 

2/.  2.“ j 2 i 4 < 6\ 

u (1  + u ) = u - yu  + 0(u  ) 


The  approximation  is  also  good  for  large  values  of  u,  since 


u tanh  u = u - 2ue  2u  + ©(ue^11) 

U2(1  + u2)-^  = u - -gj  + 0(u 

The  approximation  is  reasonably  good  in  the  whole  range  0 < u < »,  as 
seen  from  the  following  table 


u tanh  u 


0 

0 

0.5 

0.231 

1.0 

0.7616 

2.0 

1.928 

3.0 

2.985 

5.0 

4.995 

10.0 

10.0 

15.0 

15.0 

20.0 

20.0 

0 

0.233 

0.707 

1.785 

2.84 

4.9 

9.95 

14.96 

19.96 


Thus 


1 1 4 n(l  + p)  - p(l  + p)~^ 

n + Vp  tanhVp  a n + p(1  + p + p)  _ p2 


- P()  + p)*  - n(l  -t-P) 
(P  - a) (P  “ 8) 


2 2 

where  a,  0 are  the  roots  ofp  - n(l+p)=0 


Say 


a = TT"  + n I 1 + T“ 


8 
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When  there  is  no  cooling,  n = 0,  and  hence 


^1  _ 1/  a \ 1 1 /.  a \ (1  ± y)* 

2hH  “ p y ~ p J /p  tanh/p  * p ~ p J p 


_ (1  + p)~^+  0 + - ^(1  + p)"^  _ *Li.ubI 


i 

T 


The  interpretation  of  these  transforms  is  worked  out  in  Appendix  VII. 
Using  results  obtained  there,  we  get 


kATS 

~2hH 


- = fj(t)  “ a <f>2( t) 


where  ^^(t)  = i(t  + t)  erf/t  + e Vt 


^2^)  = i t(t  + l)-i  erf/t  + (t  + i) 


When  t is  small  write 


erf/t  » £ /t  (l  “ f + TO  " 42  ) 


-t  1 t t2  t5 
and  e si  - t + -g — -g- 


2 p. 


with  an  error  of  probably  less  than 


*2(t)  - 0 + 1 “ io t2 ) s *j7r  ^ + f ) 
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with  an  error  of  probably  less  than  t . 


-t 

When  t is  large,  write  erf/t  « 1 - 

-t 


Then 


^(t)  as  t + i - a t + £ 


-t 


with  an  error  of  the  order  of  277* 
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e”^  1 1 

with  an  error  of  the  order  of  — r~  ~ 1 - rr 

2 J % 4t 


1 


Values  of  the  functions  and  their  approximations  work  out  as 
follows : - 


t = 

0.5 

1 

2 

r Exact  Value 

i 

0. 925 

1 .4.68 

2.943 

f,(t)  - 

+ 

|^l 

CM 

0.93 

1.505 

2. 66 

^ t + ^ 

1 

1.5 

2.5 

| Exact  Valut? 

i 

0. 292 

0.871 

2.875 

; 3^  0 +|) 

1 

0.292 

0.9 

2. 98 

0.25 

0.-J7 

2.875 

Thus,  with  an  error  of  not  more  than  about  3 pur  cent,  the 
approximations  for  anall  t's  are  valid  for  0 < t <1,  and  the  approximations 
for  large  t ' s are  valid  for  t > 1 . 

When  cooling  is  taken  into  account  (n  * 0),  we  write 


kATS^j 

“2WT 


1 

P 


, 

(p  - a)  (p  - p)  (l  + p)‘ 


all  ± P)  \ 

(p  - a)  (p  - p)  / 


(P  ~ *).  Cl  + P) = 

P(P  - <0  (P  - 3)  0 + P)2 


n(l  + p)  (a  - p) 

2 

P (p  - a)  (p  - P) 


A. 


P(l  + P) 


S + 


B1  °1 
(p  - a)  (1  + p)7  (p  - 3)  (1  + p)* 


+ 


p ■<-  a P - 3 
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where  A,  B,  C,  D*are  to  be  found  by  the  method  of  partial  fractions. 

The  interpretation  of  these  transforms  is  worked  out  in  Appendix  VII. 
Using  results  obtained  there,  we  get 


TkaS. 


2hH 


* B eaterf  /(l  + a)t  C e^erf  V*(l  + p)t 

i = *,.rm  ♦ — — -r ♦ - -x 


(1  + a) 


(1  + 


* A2  + Bgt  + C2eat  + D2e|3t  (l*) 

Recalling  that  (p  - ) (p  - ) = - n"  (l  4 p),  and  that  therefore 

(1  4 tt)?  = J , (1  4 p)? 

the  coefficients  can  be  determined  by  the  usual  methods  and  work  out  as 
follows 


a 

= O « 


‘l  ■ 2 


n ( 1 4 a)1 


T = - C, 


=-U_z_o> 

n(a  -0) 


*2  = n » 


C. 

(T+p> 


- — T = D = ~ P.)  B - ~~ 

+ - n(a  - jj)  » B2  - n 


Substituting  these  values  into  eq.  (44),  we  get 


TkAS 


1 1 


2hH  n 


- erfVt 
n 


+ 1 " at  + a - 3 (a  - a)  (j  - erf  n ^ 


2^^a  - p)  f 1 4 erf  ^ Vt j J 


(45) 


Equation  (45)  becomes  unmanageable  when  n is  very  small,  say  of  the  order 
of  0.01,  To  obtain  a solution  for  such  cases,  we  write 


TkAS  f— 

HE1  = n f1  " (ae°t  v'oTTTt) 


- pe^*  (l  4 urfV(l  4 pj  t)  ^ 4 a ^ erfVt  - t^ 

- a 1 p T ^®at  (l-eiW(l  4 a)  t) 


- 9?*  (l  4 erf/(l  4 p) 


’]] 


(46) 
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We  can  regard  erf  V(1  + a)t  as  a function  of  a,  and  expand  by  Maclaurin's 
theorem.  If  we  stop  at  terms  of  a4,  this  gives 


r 2 3 

erfV(1  + a)t  = erf/t  - e t J £ j - a + — (t  + £)  - (t2  + t + |) 


+ k (f  + 2 t2  + 4*  1 + £ ) 


at  . 


Similarly  we  may  expand  e in  the  usual  manner.  Substituting  in 
(46),  we  get  an  expression  with  factors  of  the  type 


m _m  m „m  . 

and  Now  ~1~ 

a-p  a - P a-P 


2n(l 


1 _ 1 f.  n2  3n4  \ 

+ n£y?  * 2n  y ~ 8 128  J 


2 2 
while  a + p=  n,ap=-n. 

Hence  the  final  expression  can  be  written  as  a series  in  ascending 
powers  of  n;  if  we  take  terms  as  far  as  the  first  power  only,  we  get 


TkAS 

~2hH 


1 = ^(t)  - nt  + | ^ - a *2(t).  - ^ (i  + | ) J 


(47) 


For  the  example  worked  out  in  section  3.2,  the  curves  for  which  are 
given  in  Fig. 3,  for  n = 0. 1 the  above  expression  gives  an  error  of  -9 
per  cent  in  the  peak  temperature  (the  error  is  considerably  larger  at 
the  end  of  the  run).  T»e  may  conjecture  that  for  n < 0.05  equation  (22) 
will  be  <jiite  accurate  enough  as  a means  of  determining  the  peak 
temperature.  For  n = 0. 05  the  error  is  likely  to  bo  less  than  5 per  cent, 
perhaps  considerably  less,  since  there  are  grounds  for  believing  that  the 
error  varies  as  n^. 

In  subsequent  problems  v;e  shall  have  occasion  to  consider  the  case 
of  a slab  of  infinite  thickness.  In  this  case,  it  is  more  convenient  to 
take  the  origin  at  the  rubbing  surface,  and  to  take  the  positive  direction 
of  the  coordinate  x as  being  into  the  slab.  Dimensionless  coordinates  X 
and  t are  no w devoid  of  significance. 

The  basic  equation  (32)  remains  unchanged,  but  for  its  transformed 
version  (corresponding  to  (38))  we  must  write 

= ^ (p8  “ SQ)  (48) 

dx  K 0 

The  boundary  condition  (34)  disappears,  and  is  replaced  by  the 
condition  that  S must  remain  finite  as  x approaches  infinity.  The  boundary 
condition  at  the  heated  surface  (40)  is  replaced  by 


dS  bS 
dx  " k 


- - & (x  ■ °) 


(W) 
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Since  S must  remain  finite  for  all  values  of  x,  the  solution  of 
equation  (48)  is  (with  S = 0) 


— _ -x  Dc  , 

S = Ze  /p 


Inserting  the  boundary  condition  (47) 


Hence 


i.e. 


*J¥**V-& 


s = 


( TSk  + /p 


-X  Ifsp 


s = 


AVcDk  (m  + Vp) 


->  /?* 


(50) 


m = 7^k 


where 
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AEEENDIX  III 

Effect  of  Cooling  for  "Thin"  and  "Thick"  Discs 

For  a thin  disc  we  assume  that  the  temperature  is  uniform  throughout 
the  thickness.  The  basic  equation  is  then 


i.e., 


dS  , bS 


2H 


dt„  cDh  ” cDhAT 


A . h \ _ m. 
V T ; dt2 


+ rS 


(51) 


where 


r = 


cDh 


is 


With  S = 0 when  t^  = 0,  the  solution  of  the  differential  equation 

t 


S = 


2H 


rcDhAT 


"0  -■***) 


dS 


The  peak  temperature  occurs  when  rj-j—  = 0,  i.e. , when 


1 - e 


-rt2  _ rT 
= 1 + rT 


and  therefore 


rt2  = log  (1  + rT)  = log  (l  + q) 
where  q = rT  = 


If  S'  = is  the  peak  temperature  in  the  uncooled  case,  we  get 


%*•  f [i -All (1*10]  -*0 

f(q)  is  plotted  against  q in  Fig. 6.,  and  represents  the  ratio  of  the 
peak  temperatures  in  the  cooled  and  uncooled  cases,  for  thin  discs. 

Let  us  now  consider  a disc  of  infinite  thickness.  In  this  case 
we  must  make  use  of  eq. (bB),  viz., 


® ” AVcDk  \m  + Vp;  9 

For  the  constant  torque  case  the  solution  turns  out  to  be  too 
cumbersome  to  lend  itsolf  to  analysis.  We  shall  therefore  consider 
the  case  of  eonstant  heat  input,  i.e.,  Q = Q = constant.  Although 
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this  oondition  is  highly  artificial  as  applied  to  brakes,  it  is  thought 
that  the  general  laws  as  to  the  effect  of  cooling  can  still  be  ascertained 
by  such  means. 

With  Q = Q , we  get 

5 ■ /:  e'pv*2  - 1 

Qo  ~x  Hr  /p 

Hence  s = A735r(mT'7pJi  e 

At  the  surface,  when  x = 0 

, _ _So 

S1  AVcDk~p(m  + Vp) 


Prom  tables  of  Laplace  transforms,  the  solution  for  this  is 


S 


*o 

mAVcDl: 


2(1 -erf  m/t 


In  the  uncooled  case  the  solution  is 

s = h % 


In  both  cases  the  peak  temperature  occurs  at  the  end  of  the  run,  when 
t2  = T.  Put 


In  the  uncooled  case  the  peak  temperature  is 


S' 


% 

aTcEE 


V!r 


In  the  cooled  case  the  peak  temperature  is 


max 


Thus 


= =OT  [i  - • ^ (I-*  ) ] 

— . *(x) 


s 

Sf 


x ‘t 


$(x)  represents  the  ratio  of  the  peak  temperatures  in  the  cooled  and 
unoooled  oases,  and  is  plotted  against  X in  Fig. 6. 
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APPENDIX  IV 


Determination  of  Cooling  Par  meters  by  Temperature  Measurements 

Let  the  brake  be  heated  and  then  brought  to  a stop.  Assume  that 
when  stopped  the  rate  or  cooling  is  relatively  low,  and  that  therefore  the 
temperature  will  equalise  through  the  thickness  of  the  disc.  Nov/  let 
the  brake  be  rapidly  spun  up  to  the  required  speed,  which  will  be  that 
for' which  the  cooling  parameters  are  to  be  determined.  Let  the  brake  be 
kept  spinning  without  any  heat  input,  and  let  us  calculate  the  drop  in 
surface  temperature  under  such  conditions. 

Let  S be  the  initial  temperature.  The  basic  equation  (38)  still 
applies,  as  does  the  boundary  condition  (39).  The  second  boundary 
condition  (40)  must  be  modified  to 


~ + nS  = 0 (x  = 1 ) (51) 


Solving  (38)  and  (39)  and  putting  x = 1,  we  get 
S 

S.  = — + C oosh/p 
1 P 


Eq.  (51  ) gives 

nS 

— - + Vp  C sinh/p  + n C cosh/p  = 0 

ir 

Hence  the  solution  is 


S 


1 


n \ 

p(n  + Vp  tanh/p)  ) 


This  is  solved  in  the  saipe  manner  a^  analogous  equations  in  Appendix  II, 
by  putting  Vp  tanh/p  « pJT  (1  + p)  the  solution  being 


-«*•$) 


- (■ 


1 + erf  - p ^ 


(53) 


where  a,  0 have  the  values  defined  in  Appendix  II. 

Equation  (53)  is  the  solution  for  the  general  case.  As  a matter 
of  interest,  we  shall  also  obtain  solutions  for  the  limiting  cases  of 
"thin"  and  "thick"  discs. 

For  an  infinitely  thick  disc  we  take  equation  (48),  the  solution 
of  which  is 
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S = 


S 

o 

P 


The  boundary  condition  (43)  becomes  now 


as 

dx 


Y = 0 (x  = o) 


•which  gives 


Z 


cD  /■_  b 

T/p  + k 


jfo 

kp 


(54) 


Solving  this  and  putting  x = 0,  we  get  the  following  expression  for  the 
surface  temperature 

2 

3 = SQem  t2  (1  - erf  rn/tg)  (55) 

where  ra  is  as  defined  in  Appendix  III. 

For  a thin  disc  we  use  eq.  (51 ) with  H = 0,  i.e.. 


-3L  + rS  = 0 
dt2 

with  the  boundary  condition  S = when  t^  = 0.  The  solution  is  then 


-rt0 

S = S e 2 (56) 

o 

Let  us  now  revert  to  the  general  case,  as  expressed  by  eq.  (53). 

Let  the  test  be  made  to  measure  the  time  taken  for  the  temperature  to  drop 
to  half  its  initial  value.  Even  when  n is  as  high  as  0.1,  the  value 
of  t under  such  conditions  is  so  large  that  the  first  term  in  eq.(53) 
becomes  negligible,  and  we  can  write 


JL 2g_  pt 

S " a - p 
o K 


Again  we  can  write 
3 * 

and  thus 


A 

So 


">('-!) 


, a - p « 2n 


(’-*) 


n \ _ -n^  "fH 


» 


(57) 
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The  above  expression  is  still  accurate  enough  for 


S_  _ 1 
So  *■ 

For  ~ ^ , we  get 


With  n = 0.1,  this  gives  t = 6.75, 


Q A 

If  wc  use  the  "thin  disc"  expression  eq.  (56),  for  ^ we  must  have 

o 0 693 

rt^  = log  2 = 0.693.  Now  rt2  = nt,  and  hence  we  should  get  n = • 

Thus  if  t = 6.75><;this  would  give  n = 0. 1025. ^ Thus  when  n = 0. 1 the 
expression  n = or  its  equivalent  r = 693  give  the  value  of  the 

cooling  coefficient  to  within  2.5  per  cent.  For  smaller  values  of  the 
cooling  coefficient  the  accuracy  is  still  greater. 
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APPENDIX  V 

Calculation  of  Temperature  Gradients  in  Friction  Material 

The  friction  material  is  a comparatively  poor  conductor  of  heat, 
and  it  is  therefore  legitimate  to  regard  the  pad  or  lining  as  infinitely 
thick  for  purposes  of  heat  transmission  calculation.  We  can  then  apply 
eq.  (4-8)  with  SQ  = 0,  getting 


d2S  Vlpx 

~1  = “IT"  s = 

dx  K1 


2 - 

p pS 


(58) 


where 


D1C1 


> Kjj  being  respectively  the  specific  heat,  conductivity  and  density 
of  the  friction  material.  The  boundary  condition  is 


_ f «o  -pt„ 

S = / e S dt2  (x  = 0) 


(59) 


where  S is  the  surface  temperature  of  the  disc,  which  is  assumed  to  be 
known. 


In  practice,  a3  we  have  seen,  S is  a oomplex  function  of  time, 
and  any  solution  using  the  actual  law  for  S would  be  unwieldy,  in  fact 
probably  quite  unmanageale  in  most  cases.  To  get  a rough  estimate  we 
shall  consider  two  simplified  conditions. 

The  first  case  to  be  considered  is  that  corresponding  to  a gradual 
application  of  brakes.  A representative  surface  temperature  - timo  curve 
for  3uch  a case  is  given  in  Pig,  2.  We  shall  assume  for  the  time  being 
that  this  can  be  roughly  approximated  to  by 


S = 


S 

max 


(60) 


which  gives 

S = S ( - - — ^ (x  ~ 0) 

max  \ P P + q I 

Solving  eq.  (58)  and  using  the  above  boundary  condition  we  get 


S = S 


/ -Lix/p  -nx/p  s 


max 


Prom  tables  of  Laplace  transforms,  we  find 


3i  = (’  1$%) 
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•»■¥•■"*  [-'Wl  (<— * (^-^) 

+ ^1  - erf  ( * l'^2  ) ] 

= 3h*  ,-i‘2  r2  ^ . ,-^rt  ^ j£. . i./,t2 ) 
..wW(^  + iqt2)] 


with'S  = - S2« 


The  temperature  gradient  immediately  below  the  surface  is  given  by 


G = 


as 


as. 


x = 0 ' x = 0 


as„ 


Gi  • 


-f2  7^e"^"  I 

^ Vt2  x = 0 


x = 0 


S 

max  u 

"^V 


= G - G„  say 


max 


= Kqt2  (- 


2|iVqeinpx/q  + i^i/qe  erf  (-i  / qt^)  ^ 


- i^/qei>AXv/rqerf  (iVqtg)  - eqt2  ^ with  x = 0 


i»  6«  | 


max 


= ^ e"qi'2  jj^/qjeif-  iVqt^)  - erf(iVqt^)-  J 


U * a 
e dv 


Now  erf  (iu)  = - erf  - iu)  = ^ J 
Hono.  02  - .-5*2  •“  ) 


d,  - o2  = *jg»  .-’*2  / to 


and  thus 
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The  gradient  is  a maximum  when  -rr-  = 0,  i.e.,  when 


-qt2  f /qt2  u2  1 

3 2 J0  6 = 27^ 


2Vq^2 


and  the  maximum  gradient  is  given  by 


S |i 
max  _ 


where  t^  is  the  solution  of  eq.  (58). 

Putting  qt2  = y,  eq.  (58)  may  be  written 


Now  e 


»(y)  = ^ /o  7 eli  du  - % = 0 

2 r — \ 2r 

u \ u 

= L ri 


and  therefore 


r u u2  v'  u‘r  + 1 ..  u 

Jo  6 du  = ^ r!  (2r  + 1)  2- 


2r  + 1 


Therefore 


r = 1 


Again 


1 1 V yr 

= 2y  + 2 + 2_  2 (r  + 1)1 


r = 1 


Hence 


= % + 2 + rT  ( 2r  + 1 *"  2(r  + l)  ) 


r = 1 


- + 2 + 2 ^ r!  (2r  + l" 


(r+T 


r = 1 


39 


Eq. (60)  then  become s 


J-  = 1 + 
y 


V yr 

ri  (r  + 1K2r  + 1) 


r = 1 

= i + JL.  + __I? +_£ . 

2.3  3.5.2! +V.  7.31.  + 


Taking  the  first  three  terms  only 


1 _ ! + 1 + 
y " 6 + 30 

The  solution  of  this  is  y = qt2  = 0.856 

Inserting  this  value  in  equation  (62),  we  get 
-S  |i/q 


_ = - 0.61  S |rVq 

(0. 8567c 


max 


Now  the  initial  rate  of  temperature  rise  is 


q 3 = R 

max  max 


say. 


Hence 


- G 


max 


0. 61  n 


■/S  R 
max  max 


= 0.61 


S R 
max  max 


(60 


where  S is  the  peak  surface  temperature  and  R the  initial  rate  of 
max  e r max 

temperature  rise,  which  for  the  assumed  law  (oq. (<q))  is  also  the  maximum 

rate  of  rise. 


In  practice,  of  course,  the  actual  temperature  - time  relationship 
is  substantially  different  from  that  given  by  eq.  (Sq).  We  shall  assume 
however,  that  eq.  (&-)  still  gives  a sufficiently  near  approximation  for 
temperature  - time  curves  of  the  type  of  that  of  Fig. 2. , in  which  the 
initial  rate  of  temperature  growth  is  not  infinite,  provided  that  Rmav 

is  taken  to  be  not  the  initial  rate  of  increase  (which  may  be  zero)  but 
the  peak  rate,  i.e. , the  slope  of  the  curve  at  the  point  of  inflection. 


Lot  us  now  consider  the  case  of  sudden  application  of  braker,,  and 
work  out  the  conditions  in  the  friction  material  at  the  beginning  of 
tho  run.  Under  these  conditions  the  temperature  - time  relationship 
is  given  by  eq.  (14),  which  for  small  values  of  t2  approximates  to 


Vt 

3 = TA7CT  = Z/t2 


Bay. 


(65.) 


Eq.  (55 ) then  becomes 


S = [ Ypt2  ZVt2  dt2  =^  -T72  (X  = 0) 

J o ■pJ' 

Solving  eq.  (5G)  with  the  above  boundary  condition,  we  get 
z eWP 


S = Vtc 


2p 


T/T 


The  solution  of  this  can  again  be  found  from  tables  of  Laplace 
transforms,  and  is 


r 

S = VkZ  Vt^  constant  - j (l  - erf  u)  du 


Since  we  are  concerned  with  conditions  near  the  surface,  where  x is 
small,  we  can  write  erf  u = 0,  and  hence 


S = VkZ  Vtg  ( constant 


-2^) 


The  temperature  gradient  immediately  below  the  surface  is 


dS  I - ZuVx  - I® 1?1  2H 

dx  1 x _ o = 2 " -J  k1  ATVcBk 


(66) 


Note  that  this  in  independent  of  time,  and  that  there  is  an 
instantaneous  finite  gradient  as  soon  as  the  brakeB  are  applied.  Note 
also  that  since  eq.  (65)  gives  excessive  temperatures  when  t^  is  finite 

but  still  small,  during  tne  early  stages  of  the  run  the  actual  gradient 
decreases  from  the  value  given  by  eq.  (66) 
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AEEENDIX  VI 


Determination  of  Peak  Temperatures  and  Gradients 

We  shall  first  consider  the  case  of  gradual  application  of  brakes 
treated  in  Section  2. 2.  We  have  seen  that  in  this  case  the  surface 
temperature  is  given  by  equations  (.2)  and  (3)  for  t < 1/3  and  t > 1/3 
respectively. 

First  take  eq.  (2).  Here  S is  a maximum  when 


zJ  - ♦ 4-  *\i/2  , 0 

p 

i.e.,  when 

4a2t  2 - lOat  +5=0 

i.e.,  when 

l=  i (’ 1 4 ) 

^1  ^2  ^2 

Now  at  = x ~ , and  therefore  at  < 1 , since  t^  < T. 

Henco  we  must  take  the  negative  sign  in  the  expression  for  t,  i.e., 


*■4  0-4) 

Now  this  expression  can  be  valid  only  if  t < 1/3,  i.e.,  if  a > •ji  ^1  ~ 7% 
i.  e, , if  a > 2.07. 


Under  these  conditions,  the  maximum  temperature  occurs  when 

at  =f  =?  (’  ~7s)  = 0,69' 

i.e.,  at  69  per  cent  of  the  total  time  for  the  run. 

Substituting  the  above  value  of  at  in  eq.  (2),  we  get 


s „ M. « 6 
max  v3 


hH 

X ££  X 


0.  1 ■ 18hH  m 1. 

■J  * ■ ™ = 155 


18H 

ckD 


The  above  equation  gives  the  peak  surfaoo  temperature  if  a > 2.07,  but 
in  practice  is  quite  a close  approximation  if  a > 1 . 

tr> 

When  t > 1/3,  write  at  = = 0.  Then  eq.  (3)  can  be  written 


and  S is  a maximum  when  C a 0^,  where  f (a,  0^=0 


(67) 
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Thus 


max 


It  is  convenient  to  write  this 


s = JtUSL 

max  TkAa 


a x 


f(a,  e 


it 


_ H 
AcDh 


?1  (a) 


(63) 


since  0^  is  a function  of  a. 

The  above  expression  is  valid  for  all  values  of  a if  we  put  F^(a)  = 

1.1 8^a  when  a > 2.07. 

For  values  of  a less  than  2.07,  we  must  solve  eq.  (67).  Now  f'(a,  6) 
is  a polynomial  in  0 which  is  easily  derived  from  eq.  (3)  and  need  not  be 
given  here.  Eq.  ( 67)  is  solved  by  numerical  methods,  giving  the  value 
of  0 appropriate  to  any  ohosen  value  of  a.  These  values  are  inserted 
in  eq.  (15),  giving  F^a),  which  is  plotted  in  Fig.  4. 

The  rate  of  temperature  rise  is  given  by  R = , and  this  rate  is 

a maximum  when 


We  can  write  eq.  (2) 


8H 

a=m~p&B 


/e 


0 


I"2 


lie3 

35 


and  therefore 


_ _d§_  dS  _d0_ 

~ dt2  = d?  dt? 


1 dS 
T d& 


8H 

/3  t3//2  AVckD 


^20*  - 40^2  + | 0^2  ^ 


dR 


R is  a maximum  when  ^ = 0, 


i.e.  when 


0"*  - 66*  + 4^2  = 0 


m 
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3 t ft 


This  gives  6 = ■*  f J . Here  again  the  negative  sign  must  he  taken, 


giving  0 = s 0.191. 


6 1 


Again  this  is  valid  provided  t = — < -r,  i.e.,  provided  a > 3 x 0.191 
0.573.  ’ 

Putting  6 = 0.191  in  eq.  (6?),  we  get 


H JL  n t*e  2.61  H 

x x 0. 505  = 


T'^WckD  * ^ ^ ^ A T3/2v/ciS 

Now  we  have  shown  above  that  for  a > 2.07 

Smax  =iTOT 


Hence  for  a > 2.07  the  product  R S is 

max  max 


H 

TAVclctJ  x 


1.18 


Inserting  this  in  eq.  (6l)  gives  eq.  (30). 

The  above  expression  is  in  fact  quite  a close  approximation  down 

to  a = 1. 

For  a < 0.573  we  must  use  eq.  (3),  and  again  we  may  write  this 


S - JL_ 

Q " AcDh 


and  therefore 


R= 


1 dS  H 
T = ATcDh 


4a  f ' (a,  6) 


(70) 


R is  a maximum  when  f"(a,  0)  = 0 (71) 

f"(a.  0)  is  a polynomial  in  ©which  is  easily  derived  from  cq.  (3), 
and  oq.  (71)  can  therefore  be  solved  for  any  chosen  value  of  a,  giving 
the  corresponding  value  of  0.  Inserting  this  value  in  eq.  (70)  we  may 
writo 

^max  = ATcDh  (72) 

where  0(a)  is  a function  of  a which  can  be  calculated  by  the  mothod  just 
explained,  using  numerical  procedures.  Eq.  (2?)  is  valid  for  all  values 
of  a if  we  put  0(a)  = 2.6l/a  when  a > 0.573. 


R 8 is  then  given  by 
^ max  max 


The  product 


4fc 


H 

VT  AoDh 


(a)  G(a) 


H 

VT  AoDh 


* (a)  say 


Inserting  this  in  eq,(64)  gives  eq.(29).  *(a)  is  plotted  against  a in 

Pig.4.  The  above  expression  is  valid  for  all  values  of  a if  we  put 
4(a)  = 1.76/a  when  a > 2.07. 

Let  us  now  calculate  peak  temperatures  for  the  oonstant  torque  oase. 

the  tenmerature  is  given  by  eq.(7),  for  which  the  approximations 
(10),  (11),  (12)  and  (13)  will  be  used. 

The  procedure  is  essentially  similar  to  that  followed  above.  It  is 
easily  shown  that  if  a < 2/3  the  peak  temperature  occurs  in  the  range  in 
which  eq's  (12)  and  (13)  are  valid,  and  is  given  by 


max 


= (i^) 


When  a > — , we  must  use  eq's  (10)  and  ( 1 1 )■.  We  have  then 

(*5/M*5/2)]  to) 

JB 

The  peak  tenporature  occurs  when  ~ = 0,  i.e. , when 


3 + 3t  - a(6t  + 2t  )=0 


i.e.,  when 


•)  / J 

t - rr  ( 36a  - 12a  + 9 - 6a  + 3)  = t say 


Inserting  this  value  of  t in  (68)  gives 


V*  - £ H f2(,,to)  =iiu;  [a  f2(“’to)  ] 

* iSh  ?2<»>  P4 

♦-*(’•*)] 

= &$Ax7k  (!  + t§ i) 


F„(a)  is  plotted  against  a in  Fig,  A. 


For  large  values  of  a we  have  t « -r- 

o da 

Hence  3 4-  ~ -4-  fl  + J-  _ 

max  v7t  TkA  /2a  ' 6a 


8 hH  1.065H 
Jrh%  Ti3wa  " AVrVokD 


(75) 
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Eq.  (16)  is  valid  for  all  values  of  a if 

for  a < 2/3,  and  F2(a)  1.065  va  as  a 

"thick  disc"  expression  (75  ) is  however  very 
case  of  gradual  application  of  brakes,  there 
difference  when  a is  as  high  as  2.0. 


Fg(a)  is  taken  at  1 + 

The  convergence  to  the 

much  slower  than  in  the 
still  being  an  appreciable 


We  shall  now  determine  peak  surface  temperatures  in  the  constant 
torque  case  for  a cooled  brake.  We  shall  deal  only  with  the  case  of  a 
comparatively  thin  disc,  which  lends  itself  to  simple  analysis  (in  any 
event  most  practical  brakes  come  within  this  category).  If  the  disc 
is  comparatively  thin,  the  peak  temperature  occurs  when  t is  fairly 
large,  and  we  can  thon  use  eq.  (23),  viz. 


2hH 
” TkAn 


at  - 


--1  °pt 


The  maximum  temperature  occurs 


art 

when  -j-  = 0,  i.  e, , 


when 


. a 90e‘  . o 

a - 3 K 


This  gives 


This  can  be  written 


Put 

a _ cDh^  k cDh  1 
n kT  xbh=bT  = p 

Then 

2hH  2hHk  2H  2H  cDh  2 H 

tKAn  = TkAbh  = bTA  = AcDh  bT  ~ tj  AoDh 

We  thus  obtain  eq,  (24). 
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APPENDIX  VII 


Evaluation  of  Transforms 

We  shall  use  the  notation  f(p)  = £ g(t)  to  denote  that  f(p)  is 
the  Laplace  transform  of  g(t). 

A standard  result  is 


__! = £(  erf/t) 

p(i  + P/5 


Therefore 


in' 


£ Ft  erf/t  - [ t ~ (erf/t)  dt 


t ~ (erf/t)  dt 


= £ 


f * i 

t erf/t  |0t(tV)dt] 

•^/o*  tVtat] 

-t 


t erf/t 


£ ft  erf/t  + zfe  J t"?e~tdt 


— t — i 

£ [~ t erf/t  + 2 | 


Using  the  above  result 


I = 


1 = £ f~  [ * (t  erf/t  + - i erf/t )dt  1 

+ p)?  L i o 11  J 


p3(1  + p)* 


= £ ft  ^t  erf/t  + ~ i erfVt  ^ 

-0 

= £ l^t  er^t  + ^ erf/t  ^ 


t erf/t  dt 


r t 

-/.  (t 


erf/t  + i erf/t)dt 


- £ (t  erf/t  + ^ y-*  - i erf/t)  + J — it  J 
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